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Abstract

This work is mainly concerned with the enhancement of the finite volume code for
computation of compressible viscous and inviscid flows. As the code is intended to
be somewhat general in nature and it is based on unstructured grid data structure.
The code can be used for or adapted to any new geometry just by making minor
changes in preprocessor (and without touching the solver). The inviscid part of the
code is validated by extensive comparison with single NACA 0012 airfoil flow, bump
in a channel flow and staggered biplane flow results. The viscous part is validated
by solving a staggered biplane airfoil problem. The accuracy of the solver is uplifted

by quadratic reconstruction.



Chapter 1

Introduction

1.1 Motivation and Aim

The history of Computational Fluid Dynamics started in the early 1970’s. Around
that time, it became an acronym for a combination of physics, numerical mathemat-
ics, and, to some extent, computer sciences employed to simulate fluid flows. The
beginning of CFD was triggered by the availability of increasingly more powerful
mainframes and the advances in CFD are still tightly coupled to the evolution of
computer technology. Among the first applications of the CFD methods was the
simulation of transonic flows based on the solution of non-linear potential equation.
Thanks to the rapidly increasing speed of supercomputers and due to the develop-
ment of a variety of numerical schemes and acceleration techniques, it was possible
to compute inviscid flows past complete aircraft configurations or inside of turbo-
machines. With the mid 1980’s, the focus started to shift to the significantly more

demanding simulation of viscous flows governed by the Navier-Stokes equations.

Due to the steadily increasing demands on the complexity and fidelity of flow simu-

lations, grid generation methods had to become more and more sophisticated. The
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development started first with relatively simple structured meshes constructed either
by algebraic methods or by using partial differential equations. But with increas-
ing geometrical complexity of the configurations, the grid had to be broken into a
number of topologically simpler blocks. However, the generation of a structured,
multiblock grid for a complicated geometry may still take weeks to accomplish.
Therefore, the research also focused on the development of unstructured grid gener-
ators (and flow solvers), which promise significantly reduced setup times, with only
a minor user intervention. Nowadays, CFD methodologies are routinely employed
in the fields of aircraft, turbomachinery, car and ship design. Furthermore, CFD is
also applied in meteorology, oceanography, astrophysics, in oil recovery, and also in

architecture.

The present work aims to analyze the compressible flow field for transonic and
supersonic cases. A cell-centered finite volume method is used to solve 2D Euler
and Navier-Stokes equations on unstructured meshes. The solution accuracy of

solver is improved by implementing quadratic reconstruction.

1.2 Literature Review

The concept of using arbitrary control volumes to solve numerically the conserva-
tion laws was established in the late 70’s. Jameson and Mavriplis [1] reported some
of the earliest results from solving the 2D Euler equations on regular triangular
grids that were obtained by subdividing the quadrilateral grids. Their work is an
extension of what was established for finite volume schemes on structured grids to
triangular mesh, in a cell-centered framework. Godunov [2] introduced a high level
physics in the discretization procedure by solving the Riemann problem at cell inter-
faces. The solution is considered constant in each control volume and equal to the

cell-averages. The resolution of such Riemann problems remains however complex
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and time consuming. Moreover, the averaging procedure at each time step causes
loss of many information. Therefore the problem is usually not solved exactly. On
the contrary, approximate forms are considered. Roe scheme [3] is one of the most
popular approximate Riemann’s solvers. This is based on characteristic decomposi-
tion of flux difference while ensuring the conservation property of the scheme. This
scheme has shown to be very accurate and particularly suited for explicit upwind

formulation. However, it suffers from carbuncle phenomenon at high Mach numbers.

Making use of similarity transformations and homogeneity property of Euler equa-
tions, Steger and Warming [4] split the flux depending on the sign of eigen values of
the flux Jacobian matrix. This splitting method produces errors at sonic point and
stagnation point due to discontinuity in flur Jacobian at these points. van Leer [5]
proposed an alternative splitting, which gives noticeably better results and resolves
steady shock profiles in at most two zones. For solving contact discontinuities and
shear layers the FVS schemes, however, exhibited a serious disadvantage by having

excessive numerical dissipation leading to significant errors in viscous calculations

In another effort to develop less dissipative upwind schemes, introducing the fla-
vor of the FDS scheme into FVS scheme reduces the surplus dissipation of the FVS.
In the 90’s, the new schemes are introduced to overcome the difficulties in earlier
methods. One is the AUSM (Advection Upstream Splitting Method) proposed by
Liou and Steffen [6] in 1993. This scheme is robust and converges as fast as the Roe
splitting. Even though the scheme, AUSM, enjoys remarkable success, post shock
overshoot and a glitch in the slowly moving shock are the drawbacks in AUSM
scheme. As a result, a new version, termed AUSM+, has been derived and is shown

in Liou paper [7].

Jameson [8] brought significant development in time marching methods using Runge-
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Kutta time marching technique. He demonstrated that the convergence of a time
dependent hyperbolic system to a steady state can be substantially accelerated by
the introduction of multiple grids. Barth and Jesperson [9] introduced a novel up-
wind scheme for the solution of Euler equations on unstructured meshes. This
scheme first performs a linear reconstruction to interpolate data to the control vol-
ume faces and then employs an approximate Riemann solver to compute the fluxes.

Limiting function is introduced to preserve monotonicity.

Based on the work of Barth and Fredrickson [10], Barth developed the concept
of K- exact reconstruction scheme [11], i.e., a reconstruction exact for a polynomial
of degree k. The polynomial in Barth’s method is defined in a way which guarantees
the conservation of the mean. Delanaye and Essers [12] developed a particular form
of quadratic reconstruction for the cell-centered scheme which is computationally

more efficient than the method of Barth.

1.3 Organization of Report

The report has been organized in 5 chapters and the outline is as follows: Chapter
2 presents the governing equations and upwind schemes. Chapter 3 gives an idea
about finite volume technique and its formulations for solution of 2-D Navier-Stokes
equations. Besides that the boundary conditions are also discussed in this chapter.
In chapter 4 the inviscid and viscous part of the code are validated. Chapter 5

mentions about conclusions and future flow path of the project.



Chapter 2

Governing Equations and Upwind

Schemes

2.1 2D Navier-Stokes equations

Conservation form of 2D compressible, Navier-Stokes equations can be written in
form of a vector of conservative variables U and two flux vectors F and G. F} and
G 7 are the vectors of convective or inviscid terms and F_{/ and G_'V are the vectors
of viscous terms. In absence of source terms nondimensional form of compressible

Navier-Stokes equations can be written as

U  O(F —F,) 0(G;—Gy)
e - 2.1.1
R 0 (2.1.1)
p pu pv
U u? 4 VU,
v=|" =" a7 (2.1.2)
pv puv pv* +p
e (e +p)u (e +p)v
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0 0
Fy = - Gy = — Y (2.1.3)
e e
L Ty L Tyy
UTpz + VTayt — Qa UTgy + VTyy — Gy
ou 2({0u Ov ov 2 (Ou Ov ou Ov
o = 2 — e | = —p ) = e ) (214
K How M3<8$+8y> Tuy May 3'u<8m+0y> Ty M<8y+0x>( )
oT oT
gp=——t 7L @y = ——t (2.1.5)
(v —1)M2, Pr ox (v —1)M2, Pr oy

The nondimensionalization carried out using freestream variables po., Uy and T..
My is Usx/¢x. Reynolds number defined based on characteristic length Re; =
PooUso L/ l1oo. Prandtl number is taken as 0.72. For mathematical closure of the

equations we use the equation of state

p = pRT (2.1.6)
e is the sum of internal energy and kinetic energy given as

e = pC,T + ;p(u2 +v?) (2.1.7)

i is nondimensionalized using Sutherland’s law

u__(T)%Q+Sl

Ho_ 2.1.8
oo \Tw) T+SI1 (2.18)

S1 is the Sutherland’s constant 110. If viscous terms are set to zero, then the

equation is transformed to a 2D unsteady compressible inviscid flow equations.
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2.2 Upwind schemes

The system of compressible Navier-Stokes equations are second order partial differ-
ential equations. These equations are parabolic-hyperbolic in time and space but a
mixed elliptic-hyperbolic nature in space for stationary formulation. As described
in section 2.1, the Navier-Stokes equations can be split into convective and viscous
terms. The unsteady compressible inviscid flow equations are hyperbolic in nature
and viscous terms are elliptic in nature. We need special attention for the inviscid
equations. The property of nonlinear hyperbolic system of equations allow disconti-
nuities in the solution even if the initial data is smooth. Numerical methods which
need the mathematical continuity assumption may not predict these discontinuities
present in the solution accurately. Hence when defining numerical methods for such
equations physical propagation of perturbations, along characteristics should be con-
sidered. The schemes which consider physical properties of the flow equations are
popularly known as upwind schemes. Central schemes require lower numerical effort
or less CPU time for evaluation. But these schemes do not consider the character-
istic wave information direction and hence poor accuracy at discontinuities.
Upwind differencing represents an attempt to include our knowledge of the charac-
ter of the equations in our difference expressions. The basic idea behind upwinding
was first proposed in a landmark paper by Courant, Isaacson and Rees [15]. Their
paper dealt with the one-dimensional linear advection equation and proposed taking
one-sided differences based on the sign of the wave speed. In an upwind formulation,
there are two states on either side of a face which must be resolved into a single
value for the flux through the face.

Upwind schemes roughly divided into four main groups.

1. Flux vector splitting

2. Flux difference splitting

3. Total variation diminishing (TVD)
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4. Fluctuation splitting

1. Flux vector splitting

One class of flux vector splitting (FVS) scheme decomposes the vector of the con-
vective fluxes in to two parts according to the sign of certain characteristic variables,
which are in general similar to but not identical with eigenvalues of the convective
flux Jacobian. The two parts of the flux vector are then discretized by upwind bi-
ased differences. The very first F'VS schemes of this type developed in the beginning
by Steger and Warming and van Leer, respectively. Second class of FVS schemes
decompose the flux vector into a convective and a pressure (an acoustic) part. This
idea is utilized by schemes like AUSM (Advection Upstream Splitting Method) of
Liou et al [6], or CUSP scheme (Convective Upwind Split Pressure) of Jameson [16]
respectively. The second group of FVS schemes gained recently larger popularity
particularly because of their improved resolution of shear layers with only moderate
computational effort. An advantage of FVS schemes is also that they can easily

extended to real gas flows, as opposed to flux difference splitting or TVD schemes.

2. Flux difference splitting

Flux difference splitting schemes evaluate the convective fluxes at a face of control
volume from the left and right state by solving Riemann (shock tube) problem. The
idea to solve Riemann problem was first introduced by Godunov [2]. In order to
reduce numerical effort required for exact solution of Riemann problem, approzimate

Riemann solvers was developed, e.g., Roe [3] and Osher et al [17].

3. TVD Schemes
The idea of TVD schemes first introduced by Harten in 1983. The TVD schemes
based on concept aimed at preventing the generation of new extrema in flow solution.

The principal condition for a TVD scheme are that maxima must be non increasing,
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minima non decreasing and no new local extrema may be created. Such scheme is
called monotonicity preserving. This property allows to resolve a shock wave with-
out any spurious oscillations of solutions. The disadvantage of TVD scheme is that
they can not easily extended to higher than second order accuracy. This limitation

can be overcome using ENO (FEssentially Non-Oscillatory) discretization scheme.

4. Fluctuation splitting

Fluctuation splitting provides true multi dimensional upwinding. All upwind schemes
split the equation according to orientation of grid cells. But fluctuation splitting
schemes aims at resolve flow features which are not aligned with the grid. The flow
variables are associated with the grid nodes. Intermediate residuals are computed
as flux balances over the grid cells, which consists of triangles in 2D and tetrahedra
in 3D. The cell based residuals are then distributed in an upwind biased manner to
all the nodes. After that the solution is updated using nodal values. So far these
schemes are used only in research codes. This can be attributed to the complexity

and high numerical effort, as well as to convergence problems.

2.3 Basic principles of upwind discretization

The one dimensional wave equation is given by

ou ou
5 T =0 (2.3.9)

Courant discretized the wave equation based on the sign of eigenvalue c. for ¢ > 0

Uin+1 . Uzn Uzn _ Ui—ln
= 2.3.1
N, +c . 0 (2.3.10)
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or

_ At
_CA:L’

where A is the Courant number. The truncation error is c%(l —\)U,, and is
order of (At, Az) . This explicit scheme is first order accurate , so there is only one
unknown, U;"™ at any level n. The scheme is conditionally stable. for 0 < A < 1,
but unstable for negative characteristic speeds. For negative propagation speeds

¢ < 0, the following one-sided backward space difference scheme is stable.
U™ = U; — MU — U™) (2.3.12)

The schemes given by equations (2.3.10) and (2.3.12) are known as upwind schemes.
The schemes are applied in discretization procedure based on the direction of prop-
agation of wave. For ¢ > 0 wave equation can be solved by prescribing a physical
boundary condition at left side, i=1, and no numerical conditions are required at
the downstream end of the domain. Exactly the reverse holds good for scheme given
by equation (2.3.12), which will be solved by sweeping the mesh from right to left
and no numerical condition is required at i=1. The CIR upwind scheme which is

valid for any sign of ¢ is given by

Uin+l - Uy i c+lc|U" = Ui," n c— || Uin" = U"

At 2 Az 2 Ar 0 (23.13)

2.4 Flux-vector splitting schemes

The idea behind the flux-vector splitting schemes is to divide the flux vector into
positive and negative components based on the eigen value structure of the Jacobian
matrix. This formulation is based on the fact that the fluxes are homogeneous

functions of degree one in U.



2.4 Flux-vector splitting schemes 14

2.4.1 van Leer’s flux-vector splitting (FVS)

First flux-vector splitting scheme introduced by Steger and Warming in 1981. But
it suffers from sonic glitch problem. van Leer introduced a flux splitting scheme
by imposing certain number of conditions on F'* and F~ such that the associated
Jacobians are continuous functions of Mach number and expressed as polynomial
of the lowest possible order. In addition eigen values numerical flux functions of
F(U)™ must be positive or zero and those of F(U)~ negative or zero, with one eigen

value equal to zero in subsonic range |M| < 1. van Leer flux expressions are

puL
U U+ Py
[ (2.4.14)
pULY + Py
pu H
1
14+ M, )2 uwt (—M, £2)<n,
FE = if’c(4ﬁ (=M. £2)5 (2.4.15)
vt (ML £2)n,
qz—ui c? 2
| 2 + 304D (v = 1)M, £2] |

If M, >1,then Ff = F,,F =0

It M, < -1, then F :FL,Ff:()

If =1 > M, > 1,then F' = F}(UL) + F[ (Ug)

Flux vector splitting scheme of van Leer performs very well in case of Euler equa-
tions. The simplicity and robustness and easy implementation are main advantages
of this scheme. But in case of Navier-Stokes equations splitting errors in in momen-

tum an energy equation smear out the boundary layers and also lead to inaccurate

stagnation and wall temperatures.
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2.4.2 Roe’s flux-difference splitting (FDS)

Roe’s flux-difference splitting solves an approximate Riemann problem at the cell
interface [3]. The left and right states of the interfaces are connected by a path in
phase space that is composed of a set of discrete waves, with uniform states between
the cells. This then provides a means of forming the flux at the intermediate state

yielding the upwinded flux. That is, if the flux is linearized about left state

F(U,,Ug) = F(Uy) + AF~ (2.4.16)

and then the right,

F(Up,Ug) = F(Ug) — AF* (2.4.17)
then sum these and divided by two, the numerical flux is obtained as

P ;(F(UL) 4 F(UR)) — S(AF* — AF") (2.4.18)

1
2

The flux differences are written in terms of the upwinded flux Jacobians, formed at

A~

an undetermined intermediate state, U

~

AFt = ATAU, AF~ = A~AU
Combining this into (2.4.18) yields the upwind flux as
~ 1 1 -
= §(FL + Fr) — §|A|(UR —UL) (2.4.19)

In practice, the dissipation matrix is computed in terms of the eigenvalues and
eigenvectors of the flux Jacobian evaluated at the intermediate state, and the change

in the Riemann invariants about the intermediate state. then the flux is written as

~ 1 R "
F =S (Fo+ Fp) = 5 3 |GIAVIR, (2.4.20)
=1
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The intermediate state is formed as

where

NG

W= —
VPL T /PR

The eigenvalues, ):i, at the intermediate state are

>
Il
>

U. + C

While the change in the characteristic variables about the intermediate state, AV,

are

[ (AP — péAuy,)
20°
pAv,
AV; = ¢

Ap — Aéf
(AP + pcAu,)

L 202 _
with A() = ( )z — ( )z. The acoustic eigenvalues, A, 4 are modified to prevent

>

~

expansion shocks, yielding the ¢; as

Co3 = /\2,3
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|5‘1,4| |5\1,4| > %55\1,4
Cra = A2, . | (2.4.21)
~— + 15/\174 |>\1,4| < 55)\1’4
(5)\174

where

5i = mam(4(/\iyR — /\i7L)> 0)

The columns of R are the right eigenvectors of A and are formed at the intermediate

state.
1 0 1 1
. U—mnyC —nyc U U+ ng,C
R = (2.4.22)
U —NyC NyC U U+ nyC
e s R0 o oa
H— 4.6 9.¢ 3 H +d.c

This numerical flux has been proven to be robust, can capture strong, cell-aligned
shocks in one cell and, importantly, treats contact surfaces properly, yielding low
dissipation across shear and boundary layers. The implementation of this flux for
non-reacting, single component gases is relatively straight forward, but for reacting
or non-reacting flows of multi component gases the intermediate state is not unique,
and is costly to compute. Despite its few shortcomings, the numerical flux has

proven to be quite useful, and is probably the most used upwind flux formula today.

2.4.3 AUSM-+

Liou and Steffen proposed AUSM for 2D Euler equations, in which the cell interface
advection Mach number is appropriately defined to determine the upwind extrapo-
lation for the convective quantities. AUSM+ [7] is designed to overcome the defect

of AUSM which is serious overshoots behind shock. The phenomena deteriorate
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convergence and increase grid dependency. AUSM+ is able to reduce this defect in
only shock aligned grids, no carbuncle phenomena, satisfaction of positivity condi-
tion, no oscillations at the slowly-moving shock, and efficiency. The AUSM+ can

be written at cell-interface as follows:

M), = M;/ﬁ:% + Mp -1 (2.4.23)

8

If (M2 > 0)

Fipavsary = <M2_|5:1/8C%¢L+M}€/,@:1/SC%qu)+(Paa:S/IGPL+P];/a:3/16PR)(2'4'24)
Otherwise

Fipavsmt = (M;/,@:I/SC%¢R+M§|B:I/SC%¢R)+(P[—Ha:?)/lﬁPL—'—PIg/a:B/IGPR)(2'4‘25)
Where

¢ = [p pu pv pH|", P = P[0 n, n, 0]"

The split Mach number and the split pressure at the cell-interface of AUSM+ are

written as follows,

LM+ 1)2+3(M2%2—1)2 M| <1
ypp, = | EOTEDE O ) M| <
5(M +|M]) M| > 1
ot _ LM +1)22QF M)+ aM(M? - 1)? M| <1
+(1 + sign(M)) M| >1

The split Mach number and the speed of sound at the cell-interface of AUSM+ are

defined as follows,

ULr
ML,R: C, , €

= min(cr, Cr)

1
2

=
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Where

2 20y —1
- ¢ ce |20 1)

mazx(|U|, ¢)’ (v+1)

and U is the contravariant velocity



Chapter 3

Finite Volume Method

3.1 Introduction

The finite volume method was introduced into the field of numerical fluid dynamics
independently by McDonald in 1971 and McCromac and Paullay in 1972 for the so-
lution of two dimensional, time dependent Euler solutions. The 3D solution to Euler
equations given by Rizzi and Inouye in 1973. This name is given to the technique
by which the integral formulation of the conservative laws are discretized directly
in the physical space. Due to direct discretization of integral form of conservation
laws, the basic quantities mass, momentum and energy are conserved at the discrete
level. And there is no need of transformation of grids from one coordinate system
to another. FVM is very flexible. It can be implemented on structured as well as
unstructured grids. This renders FVM particularly suited for complex geometries.
FVM can be shown to be equivalent to a low order finite element method with less
numerical effort. Because of attractive properties of FVM this method is nowadays

very popular and in wide use.



3.2 The conservative discretization 21

3.2 The conservative discretization

Finite volume can be directly applied to integral form of governing equations .The
general form of conservation laws applied on a control volume €2 for scalar quantity

U and volume sources () can be given as

I} 5o+ [ @ Fran~ [ aa 321

Essential significance of this formulation lies in the presence of surface integral and
the fact that the time variation of U inside the volume only depends on the surface
values of the fluxes. Let us consider a control volume shown in Fig. 3.1. Divide it
into a number of control volumes, the global conservation law can be obtained by
summing the conservation law of sub volumes. Fluxes are calculated at the interface
of control volumes. Contribution of fluxes at each interface appears twice but with

opposite signs. Indeed, for volume €2, for instance, we have the contribution of fluxes

A

Figure 3.1: Conservation laws for subvolumes of volume 2

. F.ds (3.2.2)
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while for 23 we have the similar term
FdS=-| F.ds (3.2.3)
ED DE

This is the essential property to be satisfied by numerical discretization of the flux

contributions, in order for scheme to be conservative.

3.3 Finite volume method

Basic concept of FVM is, the domain is subdivided into small cells (finite volumes).
The conservation equations in integral form are written for each of them separately.
Flux is required at the boundary of the control volume, which is a closed surface
in three dimensions and a closed contour in two dimensions. This flux must be
integrated to find the net flux through the boundary and source term also integrated
over the control volume to evaluate time variation of U inside the control volume.
Let us consider this approximation in more detail. We note that the average value

of U in the cell with volume 2 is
o— . / Udo (3.3.4)
- QJa o
and the discrete form of equation 3.2.1 can be written as

0 -
= (050) + 74 F.dS = Q,Q, (3.3.5)
In order to evaluate the fluxes, which are function of U, at the control volume
boundary, U can be represented within the cell by some piecewise approximation
which produces the correct value of U. This from of interpolation is often referred
to as reconstruction.

The basic elements of a FVM are thus the following:
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1. Given the value of U for each control volume, construct an approximation
to U(x,y, z) in each control volume. Using approximation, find U at each
control volume boundary. Evaluate F'(U) at boundary. Since there is a distinct
approximation to U(x,y, z) in each control volume, two distinct values to the
flux will generally be obtained at any point on the boundary between two

control volumes.

2. Apply some strategy for resolving the discontinuity in the flux at control vol-

ume boundary to produce a single value of F'(U) at any point on the boundary.

3. Integrate the flux to find the net flux through the control volume boundary

using some type of quadrature.

4. Advance the solution in time to obtain new values of U

3.4 Different frameworks in FVM

There are generally two discretization methods used in FVM which are cell centered
and cell vertex discretization. The two frameworks differ in location of control
volumes with respect to mesh and the location of the flow variable.

In cell centered scheme, flow quantities are stored at the centroid of grid cells. Thus,
control volumes are identical to the grid cells. When we evaluate the discretized flow
equations we have to supply convective and the viscous fluxes at the faces of the
cell. The fluxes are calculated by average of fluxes computed from the values at
centroids of the grid cells to the left and to the right of the cell face, but using
the same face vector(usually only for convective fluxes) or by using an average of
variables associated with the centroids of the grid cells to the left and to the right
of the cell face or reconstructed separately on both sides of cell face from the values
in the surrounding cells.

In cell vertex scheme, flow variables are stored at the grid points. The control volume



3.4 Different frameworks in FVM 24

@ (b)
¢ >
||
& > 4 1

Figure 3.2: (a) Cell centered , (b) Cell vertex (median dual) finite volume methods

can be either union of all cells sharing the grid point, or some volume centered around
a grid point. The former case is known as overlapping control volumes and in the

second case dual control volumes.

3.4.1 Cell-centered versus cell vertex schemes

A good comparison between these schemes is given in the text [18]. Cell vertex
scheme is first order accurate on distorted grids. On cartesian or on smooth grids
the cell vertex scheme is second or high order accurate depending on flux evaluation
scheme. In the opposite, the discretization error of cell centered scheme depends
strongly on the smoothness of the grid. In general, a cell center scheme on trian-
gular/tetrahedral grid leads to about two/six times as many control volumes and
hence degrees of freedom as median dual cell scheme and hence resulting in more
unknowns compare to median dual scheme. In addition, control volumes in cell
centered scheme are smaller than those in cell vertex scheme. This suggest that cell
centered scheme is more accurate [19]. However residual of cell centered scheme re-

sults from much smaller number of fluxes compared to a median dual scheme. Thus
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there is no clear evidence about which scheme is better. Cell center schemes need
more computational work as ratio of number of faces to number of edges is more and
need more memory requirements as more number of variables to be stored compared
to cell vertex method. Boundary conditions implementation in cell vertex schemes
require additional logic in order to assure a consistent solution at boundary points
contrary to cell centered schemes; it is simple. In addition for cell vertex schemes

mass flux matrix treatment is required compare to cell centered scheme.

3.5 Discretization of N-S equations

Recall the conservation form of 2D Navier-Stokes equations

ou  o(Fr — K oG -G
Lo = Fy) | 0(Gr = Gy)

e o 5 =0 (3.5.6)

the divergence form of N-S equation can be written as

U+V(F,—Fyv)=0 (3.5.7)
where
oU
U= > (3.5.8)
F| = i, + G,  Fy = Fyii, + Gy, (3.5.9)

Integrating equation over a control volume €; (Fig. 3.3) and applying Gauss diver-

gence theorem to evaluate total flux, we have

/ Ud0+ ¢ (F.a)dsi =0 (3.5.10)
Q; ABC
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i = ipny + iyny, (3.5.11)
Where, n, = %, Ny = ’TM and i is the cell number, S; is boundary of control volume
;. On integration, the space discrete form of N-S equations can be obtained as

v 3

T > (Fuk - FVM> Sp=0 (3.5.12)
t k=1

k is the edge number. F7,; and Fy | represents normal flux on k' face with 7 as
the unit outward normal vector for viscous and inviscid fluxes respectively. Now we
arrive at the state update formula

At &

[jin+1 _ Uzn _ ﬁ kz <F1Lk _ F\Qk) Sk =0 (3513)
k=1

where the normal flux vectors

PULE
PUU L | + PNy k
Frip, = ‘ (3.5.14)
PUYU L | =+ PNy k;

(P + e)uk
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0

Tex + T Ny,
Fyvi, = ( ok (3.5.15)

(Twy + Tyy)”y,k

(UT:J::): + UTyy — Qm)nx,k + (UTLQ + UTyy — Qy>ny,k

3.5.1 Discretization of viscous fluxes

In order to find the viscous fluxes Fy , the flow quantities and their first derivatives
in equation (3.5.15) are to be known at the faces of control volumes. Because of
elliptic nature of viscous fluxes, the values of velocity components u, v the dynamic
viscosity p, which are required for the computation of viscous terms, are simply

averaged at face. Remaining task is evaluation of first derivatives of velocity and

2

4

Figure 3.4: Gradient computation at faces

temperature components in viscous fluxes. Here we discuss the face-centered control
volume method. An auxiliary control volume is define to evaluate the gradients at
the face center. Generally control volume chosen is formed by cell vertices of the
face and cell centers of left and right cells. A simple control volume is shown in Fig.
3.4. For face 13 the control volume is formed by vertices 1, 3 and cell centers m,
a. Apply Green-Gauss theorem to find the gradients. Consider two triangles in Fig.

3.4 A13m and Ala3 for which the z and y gradients can be computed using the
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Green-Gauss theorem as

1
(Wa)1zm = T[lem?; + Winys1 + Wayim) (3.5.16)
13m
(Wy)1sm = _2T[W195m3 + Winwar + Wiz 1im) (3.5.17)
13m
1
(Wa)1a3 = W[I/Vlyga + WaYar + Wayis] (3.5.18)
la3
(Wy)ias = — (Wiz3q + Wizar + Wz (3.5.19)
2AAlaS

Where ym3 = Y3 — Ym, Tmz = T3 — T, and so on. The next step is to obtain the
face gradients. This is done using area-weighted average of these two gradients for

triangles 13m and 1a3:

[A13m (W) 13m + A1as(Wa)1a3)
[Al?)m + Ala3]

(W:c)la?)m = (3520)

[A13m (W) 13m + A1a3(Wy) 143

W, a3m —
(Wy)1as [A13m + Alas)

(3.5.21)

3.6 Reconstruction and limiting

First order accurate results are obtained by assuming that the solution is constant
inside each control volume. We can achieve second or high order accuracy if we
assume the solution to vary over the control volumes. But it is not very easy to
obtain high order accuracy in FVM. If we extend first order upwind schemes by ap-
propriate second order accurate formulas, it leads to generation of oscillations near
discontinuities. A systematic analysis of the conditions required by a scheme to give
oscillation free solution was developed and initiated by Godunov, but it is proved to

be first order accurate. He introduced the important concept of monotonicity, which
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gives oscillation free solution. Monotonicity has the property of not allowing the
creation of new extrema and does not allow unphysical discontinuities. In order to
generate higher spacial approximation, the state variables at interface are obtained
from the extrapolation between neighboring cell averages. This method of genera-
tion of second order upwind schemes via variable extrapolation is often referred as
MUSCL (Monotone Upstream centered Scheme for Conservation Laws) introduced

by van Leer [5].

In constructing high order schemes the assumption of piecewise constant cell distri-
bution is replaced by linear distribution. To achieve high order accuracy unlike the
calculation of interface fluxes based on the cell average values in first order schemes,
flux has to be calculated based on point values on cell edges. For a given cell average

values, to find the point values using reconstruction procedure we require

1. Reconstruction for obtaining point values from cell averages.

2. Accurate quadrature formula for flux integral.

Starting with cell averaged data, the solution is piecewise linearly reconstructed such
that monotonicity condition preserved. The common cell edges, the reconstructed
values are not necessarily equal as both are reconstructed from different cell averages.

Thus there is a general discontinuity along common edges.

3.6.1 Multi-dimensional linear reconstruction of cell aver-

aged data

Higher order accuracy is obtained by performing piecewise linear reconstruction
of the cell averaged data. Here Barth [9] reconstruction procedure is presented.

Fig. 3.5 depicts the situation for a triangle A with neighboring triangles. Linear
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representation of state variables about a centroid (xg, yo) :

Ulz,y) = Ulzo, yo) + Us(z — m0) + Uy(y — y0) = U, y0) + VU.AT (3.6.22)

U(xg,yo) is cell average value given by state update formula equation (3.5.13). 7

is the distance vector, VU is the best estimate of the solution gradient in the cell
computed from the surrounding centroid data. U, and U, are the solution gradients

at each cell center. We can get high order solutions by estimating the gradients via,

1. Least-square reconstruction
2. Green-Gauss reconstruction

3. Frink’s higher order scheme

Least-square reconstruction

Least-square gradient reconstruction method originally formulated by Barth [10] for
the derivation of high-order upwind schemes. Consider the triangular mesh shown
in Fig. 3.5. Let x; and y; be the coordinates of node i and U(zo,yo) be the cell

average value. Now recall the equation (3.6.22)

Figure 3.5: 2D triangular mesh
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U(z,y) = U(zo,y0) + Up.(x — 20) + Uy.(y — %0)

(3.6.23)
= U(ZB(), y()) + ﬁUA?

let

Uy =Ul(z,y)
Uo = U(xo, yo)
AU; =U; — Uy
Axr; = x; — x9
Ay = yi — Yo

Now the equation (3.6.23) becomes
AU; = U Az, + U Ay, i=1,2,..n. (3.6.24)
We have two unknowns U, and U,, and n linear equations. By minimizing the

square of the error.

n

error = Z(AUZ- — U, Az; + UyAy,-)2 (3.6.25)

=1

now we get least-square approximation of gradients as

_ 1AyIP(Az, AU) — (AzAy)(Ay, AU)

6.2
Us APIAYIE - (Bar, Ay)? (3.6:26)
|1 Ay]R(Ay, AU) — (AxAy) (A, AD)
U= Al PP = (Bay, AgP (3.6.:27)
Where,
1Az]P = S0, Ad?, Ayl = 0, Ay?
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Green-Gauss reconstruction

In this method gradients in the cell are calculated using Green’s theorem.

/ / /Q(gU) 2 = /S(U ™) ds (3.6.28)

The solution gradient for volume A is estimated by computing the boundary integral

of equation (3.6.28) for some path (surface) S, surrounding volume A.

oo
VU= 5 /S (UT) ds (3.6.29)

Frink’s high order scheme using Green-Gauss reconstruction

Frink [20] applied this reconstruction method to solve 3D Euler equation. First, The

gradients are evaluated using Green’s theorem as
1
U= g / Un,dS (3.6.30)
1
Uy =5 / Un,dS (3.6.31)

The above line integral is carried out around a closed path surrounding control
volume. First inverse distance weighing is used to transfer the cell average data to

the node as

Unode = <i U) / (i_v: 1) (3.6.32)

where r; is the distance from ¢-th cell center to the node of the cell and N is the
total number of cells sharing the particular node. u,,q. and u; respectively denote

the values at the node and #-th cell center. Next, the trapezoidal rule is applied to
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integrate around the the control volume to compute the flow gradients. For example

x gradient is obtained by

1 i (Unodel + UnodeZ

. )ASknx (3.6.33)

i=1
nodel and node2 are the end points of the cell face k, AS is the length of the cell face
k, n, is the xz-component of the outward unit normal vector and K is the number
of cell edges of the control volume.

in two dimensions

Ty = [(l’oﬂ' + xn0d6)2 + (yO,i + ynode)2]045 (3634)

Where 0 refers to cell center. Because of the relative positions and number of
times each cell has been used in gradient computation (numbers enclosed in the
parentheses in Fig. 3.6), the cell interface values biased toward cell A. If the state
is being computed on edge 1-2 from the state and the gradient at the centroid of
cell A, the interpolation utilizes information from surrounding cells on both sides of
the edge, but weighted in the direction of parent cell A. Thus the procedure has the
general features of three point interpolation formulas commonly used in upwind-
biased structured schemes. It is computationally little bit expensive compare to

earlier methods, which needed just subtraction and multiplication in the calculation

Figure 3.6: Frink’s reconstruction

of gradients in a single loop.
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3.7 Quadratic-reconstruction

The fundamentals of the polynomial reconstructions to unstructured meshes for
building high order upwind schemes were presented first by Barth and Fredrickson
[10]. They attempted to extend to multiple dimensions some basic ideas previously
developed for structured meshes. The concept of polynomial reconstruction has
been applied to design essentially non-oscillatory schemes for unstructured meshes.
However, the computational effort associated with these complex methods through
the stencil selection turns out to be quite prohibitive for computing steady-state
solutions. Moreover, the nonlinearities inherent in these techniques may produce
serious convergence problems. For these reasons, Barth [11] introduced a simpler
quadratic reconstruction scheme with a fixed stencil in a cell vertex finite volume
solver. In the same way, a second-order finite volume solver that also preserves
quadratic polynomial has been proposed by Essers et al. for structured meshes.

This scheme suffers from a lack of conservation.

Our main objective is to develop a scheme whose second-order accuracy is preserved
even on much distorted meshes. Delanaye and Essers [12] developed a particular
form of quadratic reconstruction for the cell-centered scheme which is computation-
ally more efficient than the method of Barth. The flux balance is performed using
high order Gauss quadrature. An original quadratic reconstruction obtained by a
truncated Taylor-series expansion is employed to extrapolate the flow variables at
the quadrature points.

Outline of the method is the following. First, a multidimensional piecewise high or-
der polynomial approximates the flow variables evolution in the cell. The unknowns
of the control volume contour are computed. This step called as reconstruction, also
can be interpreted by extrapolation. On the each edge of the mesh, the advective
flux is obtained by applying a Riemann solver to reconcile the discontinuous left and

right states. Time evolution is then performed after correctly integrating the flux
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on the control volume contour. The spatial accuracy of the discretization depends

—

Figure 3.7: The identification of more neighbors and flux integration path showed
by dashed line

©® Quadrature points
P Parent Cell

on two factors;

1) The accuracy of the variables reconstruction.

2) The flux integration.

The calculation of the flux through each edge f* of a parent cell in Fig. 3.7 is per-
formed by a high order numerical integration of the flux functions using the n-points

Gauss quadrature;
¥ =0 Do wjlf (2, yf nls + g(xh, y) )y (3.7.35)
j=1

Where (x?, yf) are the coordinates of the Gauss quadrature point j and w; denotes
the weight associated with this point. The lucid picture about the selection of Gauss
quadrature points on edges is provided in Appendiz. By using n quadrature points,
the formula (3.7.35) allows the exact integration of polynomials with degree 2n-1.
Obviously, to satisfy the proposition, two quadrature points are at least required to
compute exactly a flux that is a quadratic polynomial of the Cartesian coordinates.
Two Riemann problems have therefore to be solved at each edge.

Right state at the quadrature point j of edge k is computed from

1
Qi = G+ (] = 7R) Vi + 5 () = i) "Ra(rf = 1) (3.7.36)
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Where r is the position vector and R the Hessian matrix of each primitive variable:

R = Geatl Ol (3.7.37)
07,4 05,4

If ¢ is a quadratic polynomial of x and y, equation (3.7.36) must be exact. That
requirement is met by equation (3.7.36) if the gradients and the second order deriva-
tives in the Hessian matrix are respectively computed with a second- and first-order
accuracy. This is accomplished by combining Green-Gauss gradient evaluation with
least-squares based approximation of the second derivatives, which leads to a numer-
ically efficient scheme. The technique we used to build second-order derivatives with
first-order accuracy is sometimes referred to as the minimum-energy reconstruction.
it simply consists in fitting a quadratic polynomial to the values of the neighbor-
ing nodes using the least-square technique. we seek to minimize the Lo norm of
the distance between a scalar function f known at the mesh nodes and a piecewise

quadratic approximation f,.. of the latter constructed as follows:
T 1 T
free=fo+ (r—1,)"Vf,+ 5(7“ —715) Ro(r —15) (3.7.38)

This is expressed by minimizing the functional

Nq

Z[fr60<ri) — fi? (3.7.39)

i=1
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and therefore, a N X 5 linear system has to be solved for each control volume:

AiL‘l Ayl A;% AxlAyl ATy% Aul
AJZQ Ayg A?Z% AlL‘QAyQ %y% B 7 AU/Q
Uy
Axg Ayg ATII% Angyg ATyg AU3
Uy
UgY
- u_yy -

where Au; = u; — ug

Finally, the quadratic reconstruction for a right state extrapolation

1
ap, = qp+ (rf—rR) " Vg + [—(rf—rp)" EraVigh + i(r;?—rg)f’m(r;?—r;)](3.7.41)

where V1% is a symbol notation for the numerical gradient calculated using Green-
Gaussian formula, Erpg is 2 X 3 matrix containing constant coefficients of O(h) and

V? is the vector of second-order derivatives.

3.8 Limiters

Second and high order upwind discretization require use of limiters or limiting func-
tions in order to prevent the generation of oscillations and spurious solutions in the
region of high gradients (e.g., at shocks). A limiter is used to preserve monotonic-
ity principle, i.e., the reconstructed function must not exceed the maximum and
minimum of neighboring centroid values (including the centroid of parent cell) The
purpose of the limiter is to reduce the high gradient used to reconstruct the left

and right state at the face of the control volume in order to constrain the solution
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variation. At strong discontinuities, the limiter has to reduce slopes to zero to pre-
vent the generation of new extremum. We discuss the two limiters which are widely

using

1. Limiter of Barth and Jespersen

2. Venkatakrishnan limiter

Barth and Jespersen limiter

Consider the limited form of the reconstructed function about the centroid of triangle

A in Fig. 3.5.

U(z,y) = U(wo,y0) + 64V Us.ATA, $a € 1[0,1] (3.8.42)
the idea is to find the largest admissible ¢ 4. First compute U7*"=min(U 4, Uneighbors)

and UJ**=max(Uy, Upcighbors) then require that

U < U(x,y)a < UR (3.8.43)

For cell centered method, Upeignsors are the number of cells sharing with common
edge of parent cell. For linear reconstruction, extrema in w(z,y)a occurs at the
vertices of the cell and the sufficient conditions stated in (3.8.43) can be easily
obtained. For each vertex of the cell compute U; = U(zy,v:),i = 1,2,3...,d(c) to

determine the limited value, ¢4, which satisfies (3.8.43).

min(1, A1), if Uy — Uy >0
04 = min(1, 0, iU — Uy <0 (3.8.44)

1 itU, —Us=0



3.8 Limiters 39

with ¢a=min(¢ a1, pa2, Pas, ...¢ A:l(c)), ensures that the linearly reconstructed state
variables satisfy the monotonicity principle when evaluated anywhere within a cell.
Barth limiter ensures monotonicity, but it was shown to stall the convergence to
steady state [21], which could be due to the use of non-differentiable functions such

as max and min, apart from clipping smooth extrema.

Venkatakrishnan limiter

Venkatakrishnan limiter is widely used because of it’s superior convergence prop-
erties. It is based on Barth and Jesperson monotonicity principle on unstructured
grids. He modified the Van Albada limiter which is defined only for structured grids
and it is continuously differentiable. The limiter reduces the reconstructed gradient

VU at cell center ¢ by factor

1 (A%,maz+62)A2+2AgA1,maz .
AQ A%,maz—i_zA%"’AI,maIAQ“FEQ ’ lf AQ > 0
[ A2 2 2 )
qu — i (Al,minJre )A2+2A2A1,mzn 1f AQ < 0 (3845)
Az A%,min+2A§+A1,minA2+€2 ’
L, if Ay =0

Where

Atmaz = Umaz — Ui

At min = Unin — U;

Ay =U; — Uy

Unazs Umin values stand for the maximum and minimum values of all surrounding
cells which are shared by edges including cell ¢. Definitions of U, and U,,;, are

2 is intended to control the

same as explained in previous section. Parameter e
amount of limiting . Setting €2 to zero results in full limiting. Contrary to that, if €2

set to large value, the limiter function will return a value of one. Hence, there will
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be no limiting at all and wiggles could occur in solution. In practice it was found

that €2 should be proportional to a local length scale, i.e.,

e = (KAh)? (3.8.46)

where K is a constant, and of order 1. Ah is cube-root of the volume in 3D or
square root of area in 2D of the control volume. So far we have discussed Barth and
Jesperson [9] limiter and Venkatakrishnan [21] limiter. Venkatakrishnan’s limiter as
described in above section, helps in improving convergence characteristics of original
limiter, which however comes at the expense of compromising on monotonicity. Also
convergence seems to be strongly influenced by the parameter, which controls the
degree of limiting. This is function of an estimate of average grid size and a arbitrary
constant which is found after conducting experiments for each problem. This is a
limitation for Venkatakrishnan limiter to apply it in a general purpose problem.

In case of structured grids van Leer and van Albada limiters are quite success-
ful which are continuously diffentiable. Some attempts are made, to make some
changes to van Albada limiter to apply in unstructured grids. Indeed Venkatakrish-
nan limiter is modified form of van Albada limiter. One more attempt was made by
Van Rosendale [22] on triangular meshes, weighted average of gradients at the three
vertices of cell as computed by applying Green-Gauss theorem to surrounding cell
center data. The limited gradient within the cell obtained by taking the weighted

average of three representative gradients.

VUTln = W1VU1 + CUQVUQ + W3VU3 (3847)

1, 2 and 3 are cell vertices and m is parent cell. wy, ws and w3 are weights given by
multi dimensional limiter function based on gradients of cell vertices and VU;, VUs,

and VUj; are unlimited gradients which are combined to produce the limited gradi-
ent VU! . This is reverse the sequence of operations employed by Frink, which is

described in earlier sections.
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3.9 Jawahar and Kamath limiter

Jawahar and Kamath [13] developed a new limiter similar to Van Rosendale limiter.
Instead of considering the gradients at cell vertices, cell centered gradients of neigh-

bors are considered in their computation. It involves the prescription of weights

as
Wa(Gas Gos ge) = 9oge + £ (3.9.48)
ga+ g5 + 92+ 3
b Gar G o) = 22 = (3.9.49)
ay ) JC gg+g§+gg+362 oJ.
g ge) = It E (3.9.50)
& as )y JC gg+gg+gg+3€2 oJ.
Where g, = VU5, 6 = VU3 g = [[VU|5. The limited gradient is
obtained as
VUfn = w,VU, +w,VU, + w.VU, (3.9.51)

a, b and c are neighboring cells. They claimed that even though it may appear as
minor modification in weights, implementation procedure differs significantly from
that of Van Rosendale [22] equation (3.8.47) in choice of gradients for constructing
the limiter. It is also appropriate to compute limiter based on neighboring cells
instead of vertex gradients, as MUSCL finite volume formulation interacts with it

neighbours at common interface.

3.10 Multistage time stepping

High order accuracy is obtained by multistage time integration. This method is

developed by Jameson [23]. Runge-Kutta time step is used to increase the accuracy
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of time integration. A fourth order time accurate solution can be obtained by

Ul =Up

Ul = U — a, AtR(U?)

U2 =Ur" — ap AtR(U}) (3.10.52)
U = Ul — agAtR(U?)

UMt = Ul — ay AtR(UP)

053:% ()é4:1

R is the residual.

3.11 Boundary conditions

The imposition of precise boundary conditions is of extreme significance in obtaining
an accurate numerical solution. Specification of inappropriate boundary conditions
may cause instabilities or it may give rise to undesirable physical and numerical
waves that destroy the solution. Therefore, care must be taken while implementing
the boundary conditions for a fluid flow problem, to avoid the possibility of turning
into an ill-posed problem. Boundary conditions can be classified into two types -
physical and numerical. Poinsot and Lele in 1992, distinguished between these two
classes mentioning that a boundary condition is physical when it specifies the known
physical behavior of one or more of the dependent variables at the boundaries and
that it is numerical or soft when no explicit boundary condition fixes one of the de-
pendent variables, but the numerical scheme requires an explicit specification about
variables (Yee in 1981). The appropriate conditions can therefore be imposed at the
boundaries of the flow domain, depending on the boundary type and the flow regime.
The number of physical boundary conditions at a boundary should be equal to the

number of incoming characteristics. The number of physical or numerical boundary
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conditions to be imposed at boundary surface is determined by characteristic prop-
erties. The eigenvalues of Jacobian matrix are ©.1,, ©.1,, 7.1, +¢, 7.1, — c.

The number of physical boundary conditions depends on sign of eigenvectors.

3.11.1 Inviscid or slip wall boundary condition

Accuracy of results not only depends on the scheme applied but also depends on the
treatment of wall boundary conditions. Accurate calculation of lift and drag coeffi-
cients are much important in design of aerodynamic vehicles. Detailed explanation
of wall boundary condition on structured meshes can be found in [24]. Idea of im-
plementing wall boundary conditions on unstructured meshes in both cell centered
and cell vertex finite volume methods for inviscid flow are discussed in [25]. Imple-
mentation of the boundary condition is straight forward for cell vertex discretisation

scheme as reference points of cell fall on the boundary.

Pressure extrapolation boundary condition

On solid walls there is no flow normal to the the boundary i.e.,
v =0 (3.11.53)

Consequently vector of convective fluxes reduces to pressure term alone, i.e.,

Fi =py (3.11.54)

The subscript w representing the values on the boundary. The variables other than

the normal velocity such as the tangential velocity and thermodynamic properties
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such as total enthalpy or entropy are to be obtained from the interior flow. Pressure
Pw can be obtained either by solving the momentum equation or by extrapolating
from the interior points. The former procedure will produce an artificial boundary
layer . A zero order extrapolation implies that the pressure at the reference point
itself is taken as the pressure at the boundary point, which is more justifiable in

case of cell-vertex finite volume formulation.

Mirror boundary condition

In this condition the approximate Riemann solver used to determine the fluxes in
the interior edges is also used on wall boundary. While calculating fluxes on the
boundary, information regarding one of the state is obtained from interior state and
the other state is determined in such a way that zero normal mass flux across the
wall is guaranteed. There are various ways of determining the fictitious state. The
fictitious velocity vector is obtained by reflecting the velocity vector computed on
the wall.

The pressure p; and density py in fictitious state are assigned the same values as in

interior state. The mirror boundary condition can be represented as

Uip=—uir, Wy =uy, Pr=pr,  Pf=0p1 (3.11.55)

where f and [ refers to in fictitious state and interior state respectively. The main
advantage of mirror boundary condition is that it permits the use of interior scheme
(an approximate Riemann solver) on the wall boundary and thus it takes into di-
rection of propagation. The drawback is, it does not take into account the effect of

curvature and it is dissipative.
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Figure 3.8: Mirror boundary condition

3.11.2 Viscous or no-slip boundary condition

For a viscous fluid which passes a solid wall, the relative velocity between surface
and fluid is zero. In the case of stationary wall all the velocity components are zero.

ie.,

u=v=w=0 (3.11.56)

We can apply no-slip boundary conditions using dummy cell approach

ULy = —Ulr, Uy f = —uyr, Py =0>rI, Py =PI (3-11-57>

3.11.3 Farfield boundary condition

Detailed implementation of farfield boundary conditions are given in [24], [8]. Farfield
boundaries are boundaries through which the flow enters or leaves the external flow
field. In internal and external flow problems the inlet and outlet boundaries are

assumed to be located far enough from the main flow region, and the influence of
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the flow disturbances does not affect the freestream values. But high accuracy can
be achieved when we make some corrections on the farfield. The usual way of imple-
menting the farfield boundary conditions is using the information associated with

the Riemann invariants, given by

P 9
¢ Ry —u, — —2 Ry = L (3.11.58)

R, =
LT y—1 P

These three Riemann invariants are associated with three waves with wave speeds of
u+c, u-c and u respectively. They remain constant as they enter or exit the farfield.
Depending on the value of the normal Mach number, Riemann invariants arriving
at a face on the farfield are determined based on left and right states. From these
Riemann invariants u,, p, p etc are determined on the face. These values are used

to find fluxes crossing the farfield.

3.11.4 Inflow/Outflow boundary conditions

Riemann invariants are calculated from known freestream values. So, farfield Bound-
ary condition are well suited for external flows as freestream condition are known. It
is not necessarily known all variables in case of internal flow. So, there is a separate

treatment of boundary conditions are required in the case of internal flow problems

Inflow boundary condition

Supersonic flow

All the eigenvalues are positive, therefore all four variables are fixed by physical
boundary conditions.

Subsonic flow

The direction normal to entry surface, Three eigenvalues are positive and one is

negative. Therefore three quantities will have to be fixed by physical boundary
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conditions, while remaining one will be determined by interior conditions, through

numerical boundary condition.

Outflow boundary condition

Supersonic flow

All the eigenvalues are negative in sign, and no physical boundary conditions have
to be given. All boundary values are extrapolated from interior flow.

Subsonic flow

Three eigenvalues are negative, three numerical boundary conditions have to be
set, fourth one is specified by physical boundary conditions. The most appropriate
boundary condition for internal flows are fixing the downstream static pressure.

The boundary conditions at inflow and outflow can be summarized as below

BC type Physical BC Numerical BC
Subsonic inflow Three One
Subsonic outflow One Three

Supersonic inflow | All 4 variables | None

Supersonic outflow | None All 4 variables




Chapter 4

Code Validation

The inviscid as well as the viscous part of the solver is validated by comparing with
various test cases results.
The inviscid code is validated for following test cases.

1. NACA 0012 airfoil

(a) Flow with M = 0.80 and a = 1.25°

(b) Flow with M = 1.2 and oo = 0°
2. Bump in a channel problem
Flow with M = 0.85 and o = 0.0°
3. Flow past a staggered-biplane configuration

Flow with M = 0.7 and o = 0.0°
The viscous laminar flow code is validated for

1. Flow past a staggered-biplane configuration with M = 0.8, a = 10° and
Res =500
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For all cases relative residual fall is computed using following relation
Residue = mazimuml||p} — o |/pi 1 <i<nc (4.0.1)

In entropy contours, entropy is calculated using (p/p,). C, is calculated using

formula

Po—P

Cp=——
P 0.5p00ul,

(4.0.2)

4.1 NACA 0012 airfoil

Two inviscid flow computations over the NACA 0012 airfoil have been performed to
illustrate the performance of various schemes, reconstruction methods and limiters.
Casel : Transonic flow calculation for a freestream Mach number equal to 0.80
and 1.25° angle of incidence has been carried out. Farfield is located 11 chords away
from the airfoil. The flow geometry and the corresponding computational mesh is
shown in Fig. 4.1. The generated grid consists of 11882 cells, 6028 points and 17910

faces.
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Figure 4.1: NACA 0012 airfoil grid pattern
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The solution consists of an upper and lower surface shock wave and a trailing edge
slip line. The pressure contours for 1st and 2nd order scheme are shown in Figs.
4.2(a) and 4.2(b) respectively. The solution obtained using piecewise constant re-
construction misses the lower surface shock and trailing edge slip line. The piecewise
linear reconstruction method detects upper and lower surface shock waves as well

as the slip line. It is well known that the high order scheme produces oscillations

(a) Pressure contours for 1st order scheme (b) Pressure contours for 2nd order scheme

Figure 4.2: Pressure contours of flow over NACA 0012 airfoil problem (M., =
0.80, v = 1.25°)

in the vicinity of discontinuities, which may even lead to instability. Figs. 4.3(c),
4.3(e) and 4.4(a) show the Cp oscillations near discontinuities for various 2nd order
schemes with no-limiter. These oscillations are avoided by the use of limiters. Figs.
4.4(c) and 4.4(e) depict the oscillation free solution by employing limiters. Flux
vector splitting schemes such as AUSM and AUSM+ are simple and robustness over
existing schemes. Figs. 4.3(f) and 4.4(d) show that for the same accuracy level,
the CPU time taken for inviscid computation is less in case of AUSM scheme than
Roe scheme. Roe scheme is very accurate and particularly well suited for explicit
upwind formulations. Nevertheless, the increased accuracy is accompanied with an
increased operation count. From the various Cp results shown in Figs. 4.3 and 4.4,

the performance of Roe scheme is intelligibly visible.
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0012 airfoil with M., = 0.80,a = 1.25°)
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As expected the numerical solution is obtained by piecewise quadratic reconstruction
is superior to the piecewise linear and constant reconstruction. Fig. 4.5(a) depicts
that the quadratic reconstruction method captured both the upper and lower shocks
are crisply. The surface pressure distribution for various order schemes are compared
with Jawahar and Kamath [13] results and is shown in Fig. 4.5(b). Fig. 4.5(c) shows

the residual history for various order scheme.

(a) Mach contours for 3rd order scheme
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Figure 4.5: Comparison of high order schemes for flow over NACA 0012 airfoil with

M., = 0.80, 0 = 1.25°

(¢c) Residual for various order scheme



4.1 NACA 0012 airfoil 54

Case 2: Supersonic flow calculation for a freestream Mach number equal to 1.2
and 0° angle of incidence has been carried out. Using the same grid pattern, the
Mach contours and surface Mach distributions of second order scheme are shown in
Figs. 4.6(a), 4.6(c). The excellent shock capturing quality of third order scheme
is presented in Fig. 4.6(b). As compared to second order scheme, The third order
scheme surface Mach distributions has good agreement with Delanaye [12] results.

The residual history is shown in Fig. 4.6(d)
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(c) Surface Mach distribution comparison (d) residual history for 2nd and 3rd order scheme

Figure 4.6: Comparison high order schemes for flow over NACA 0012 airfoil problem
with M, = 1.20,a = 0°
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4.2 'Transonic flow over a bump in a channel

This is an internal flow through a channel having a 4.2% thick circular arc bump on
its lower wall. The ratio of static downstream pressure to total upstream pressure
corresponds to a Mach number of 0.85 in isentropic flow and the distance between
the walls is 2.07 times the chord length of the bump. Total length of the channel is
5 times the chord length. The flow geometry and the corresponding computational
mesh are shown in Figs. 4.7(a) and 4.7(b). The generated mesh consists of 28898

cells, 14669 points and 43566 faces.
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Figure 4.7: Bump in a channel mesh pattern

The lower wall, including the bump, and the top wall are modelled as being imper-
meable boundaries i.e., slip wall boundary condition is imposed. For computation,
the second order scheme (Roe scheme, Green-Gauss reconstruction) with Barth lim-
iter is used. The shock is created at 88.5% of the chord length from the leading
edge and is very well captured on the body and in the flowfield. Fig. 4.8 shows the
obtained pressure contours. Fig. 4.9 shows the pressure distribution along the lower
wall. The computed Cp result is very well compared with the Liang and Chan [14]

results. Residual history for 2nd order scheme is presented in Fig. 4.10.



4.2 Transonic flow over a bump in a channel

56

(a) Pressure contours

0.85

(b) Mach contours

Figure 4.8: Transonic channel flow M., = 0.85,t/c =4.2%
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4.3 Flow past a staggered-biplane configuration

The primary advantage of unstructured grids is their ability to straightforwardly
account for multiple bodies in the flow. One of the popular test cases that is used
for the purpose of demonstrating complex flow arising from interaction effects of
multiple bodies is the staggered biplane [13]. It comprises two NACA 0012 airfoils,
staggered by half a chord length in the pitchwise as well as chordwise direction.
The resulting configuration yields a combination of internal as well as external flow
as shown in Fig. 4.11, which depicts the unstructured coarse grid mesh with 110
points on each airfoil and with 8452 cells in the computational domain. The Mach
number chosen is 0.7 with the flow being parallel to the chord of the airfoils. The
second order scheme(AUSM+, LSQ reconstruction) with VK limiter is used for
computation. Under these conditions an isolated NACA 0012 airfoil will yield a
shock-free flow field whereas in the case of the staggered-biplane configuration the
region between the airfoils acts as a channel which accelerates the flow. As a result
of this flow confinement a strong normal shock is formed near the channel exit,

which is depicted in Fig. 4.12.

i el

5

)

AVAVA |
4
N

<A
R

AVAVAY
SN

5T
5
LR
S aVAYS
SRS
avAvAVAY

2

KA
NI
e

%
vy
o

%

S
1AV
v

o
K
KK
o
RRR
KK
oA
s
FavavAVAYN

RS
5
s

S

i
K

5
7aS

K
%Y

AV
YAvav,
e,
XS
TOAYAYAVaVavis
Agvénunu

AT
vavs

YaYa)
SRS
R,

RS

3
X
%
S0
SRR
KRR,
G
X
KRR

%
IAK]
KO
g
P
e
OS]
53
R
o

SRREE
205

e
QROKT

KX
R0

4%

T

aray
XY
SRR

RO
DRS00

o
X

VAV
<] VAé'

¢
A
X

3
g
Rk
K
5%,

S

&

A av:
X

O

e

20

29
SRRRO
SRR
AVATAVAVAY,y
CRRRRERS

S
X
R

%
R
X

K
s
ERREREYS

KK
Y

SRR
YA NAYAYAVAVAYAVAV, o vy dYaVa
5$muv‘uunu¢ﬁﬁ'¢"€gg§‘

,,;
5
SOSERREDX
KRR
LRSI
<
Yl

VAV(TAV4
A’A Ve

sy
KRN

AVaAVaVs

s
S
~waVAN

AV
\VAVATS

avavi
¥e
oK

A"

pVav, (NAVAVAVAVAVASAT/',
%ﬂ%ﬁ" VY ‘éﬂ

a X
AR K

Ve
XK
XX
K
o

Z
Vavay
VAVAY

KIS0

XN
KRR
<

SRR,

S
7
Y
=

aVay

v
%
KR
RIS
258
KIO0K

AVAVAN
AVay

a NOYAVAYAN

KIS

i
vasa
XX

va%aY,

AVAY
5
e
e

TAY VAVAVAY
v

AV
I NAVAVAVA A ra s
BEARAL

POROCRRRR
oK
o [

)
NVAVAVAVAYATAeS
K
R
O

SYAN

- AW

0 0.5 1 15

Figure 4.11: NACA 0012 biplane mesh Figure 4.12: Pressure contours

Second order scheme (AUSM+-, LSQ reconstruction) with VK limiter is used.
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The accuracy of the solution not only depends on the schemes but also depends on
the resolution of grid pattern. So the coarse grid pattern is refined to 45630 cells.
Figs. 4.13(a) and (b) show the improved solutions after grid refinement. From Figs.
4.13(c) and (d), The computed 3rd order scheme surface pressure distributions are
good agreement with Jawahar and kamath [13] results. Residual history is shown
in Fig. 4.13(e). No convergence difficulty was observed for 2nd case even for a

reduction in the residual up to 9 orders of magnitude.
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Figure 4.13: Adaptively generated mesh results M = 0.7, o = 0.00
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4.4 Viscous flow past a staggered-biplane config-

uration

The staggered NACA 0012 biplane configuration has been chosen for performing
viscous flow computations. The grid, whose near-field view is shown in Fig. 4.14(a),
contains 200 points on each airfoil with 35142 triangular cells in the computa-
tional domain. The flowfield disturbances generated by a lifting airfoil at transonic
freestream Mach numbers extend outward to large distances from the airfoil. For the
viscous computation, the outer boundary is a circle located 50 chord lengths from the
airfoils. Freestream values are prescribed as farfield boundary conditions. stream-
lines corresponding to the flow parameters M, = 0.8, = 10°,and Re,, = 500 is
shown in Fig. 4.14(b). The separated region on the upper surface of top airfoil
reveals two vortices. As the secondary vortices are developed in the staggered plane
configuration that does not appear in single airfoil viscous flow case, as cited by
Jawahar and Kamath [13], it is evident that the secondary vortices are generated as
an effect of the presence of a bottom airfoil. With the same logic, the flow separation
on lower airfoil is completely avoided by presence of top airfoil. So this test case gives
the taste of both internal and external viscous flow analysis. The Mach contours
and pressure distributions have been plotted in Figs. 4.14(c) and (d) respectively.
Although no experimental data or approved reference solutions are available for this
test case, plausible viscous flow features have been captured with the low resolution

unstructured-grid procedure. The 2nd order scheme residual history is shown in

Fig. 4.14(e).
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(a) Staggered biplane grid close view

(b) Stream contours
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Figure 4.14: Viscous flow past staggered biplane airfoil 2nd order results M., = 0.8,
a = 10% Rey = 500



Chapter 5

Conclusions and Future Work

The accuracy of the Euler code has been extensively established by comparing with
various test cases. The accuracy of viscous code is ensured and plausible viscous
flow features have been captured with high resolution. Third order scheme is con-
structed and tested for the Euler equations for the arbitrary unstructured meshes.

The properties of various schemes, reconstruction methods and limiters are studied.

Barth limiter faces convergence problems in most of the flow conditions. Venkatakr-
ishnan limiter is comparatively good. But some preliminary work is required in
selection of the parameters to get monotonic and converged solutions. Jawahar and
Kamath limiter also displays good convergence properties. However, it is not very

good at weak shocks compare to the other two limiters.

5.1 Scope for future work

1. The solver can be extended for incompressible computations by employing low

Mach number preconditioning for unstructured schemes.

2. The code can be extended to turbulence computations by adding a suitable
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algebraic turbulent model to it.

3. In order to drastically decrease the computational time, the mode of compu-

tation can be altered to implicit.
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